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Let H+fl G denote the fact that for every function rr: V(H) + (1, . . . . k) there is 
an induced subgraph G’ of H with G’ r G and V( G’) s ~-l(i) for some i. Folkman 
has shown that for all graphs G and for all positive integers k such a graph H exists. 
We examine here f( G, k), the minimum order of a graph H for which H +i G. We 
show that for any fixed integer k>2 there are positive constants C1 and Cz such 
that C,n2 < max{ f(G, k) : 1 V(G)1 = n} < C2n2 log2 n. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
Consider the following vertex analogue of Ramsey theory. Let G and H 
be graphs and let k be a positive integer. We write H + l G if for any func- 
tion Z: V(H) + { 1, . . . . k) there is an induced subgraph G’ of H such that 
G’ E G and G’ is monochromatic under rc, i.e., V(G’) E n-‘(i) for some i 
(the u in the notation indicates that we are colouring the vertices). 
Folkman [6 J was the first to show that for any graph G and integer k 
there is a graph H for which H --+L G. A similar notion concerning parti- 
tions of vertices was investigated in [ll, 121. From another point of view, 
H +fd G may be viewed as an extension of “non-k-colourability”; a com- 
plete discussion of this generalized chromatic theory has been undertaken 
in [S]. 
Here we investigate the function f(G, k) = min( ( V(H)( : H +f: G). We 
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remark that some results on f(G, k) have been obtained in [9, 51 and for 
the obvious extension to partial orders in [lo]. The following observations 
are straightforward. 
Observation 1.1. f(G, 1) = 1 V(G)I. 
Observation 1.2. f(&, k) =f(K, k) = k(n - 1) + 1. 
Observation 1.3. f(G, k) =f(G, k), w  ere h G denotes the complement 
of G. 
The table below summarizes our best bounds for f(G, 2) for graphs of 
order at most 4 (details will appear elsewhere). 
K, K2 P, K, K1.3 P4 C, P3 v KI K,-e K4 
Upper bound for f(G, 2) 1 3 6 5 9 11 9 10 9 7 
Lower bound for f(G, 2) 13659 99 9 9 7 
In the next section we investigate, for fixed k, the worst case behavior of 
f(G, W and P rovide an asymptotic solution (up to a factor of log* ( V(G)/ ). 
2. THE WORST CASE BEHAVIOR OF f( G, k) 
A simple construction shows f(G, k) is well defined and provides an 
upper bound. Let G be a graph of order at least 3 with vertices vr , . . . . v, (by 
Observation 1.2, we need not consider graphs of lower order). We prove 
now thatf(G, k)<((n- l)k+l - 1 )/(n - 2). For k = 1 the result is clear, so 
we assume k 2 2 and H is a graph of order at most ((n - 1 )k - 1 )/(n - 2) 
such that H+;- 1 G. We form a new graph F by successively substituting 
a COPY Hi of H for Vi (i = 2, . . . . n) in G (the graph arising by substituting 
H for v in G is derived from (G - v) u H by adding in edges between each 
vertex of H and every neighbour of v in G). We now verify that H +i G. 
Let 7c: V((F) -+ { 1, . . . . k} be any map. If some colour is not used on some 
Hi, then as Hi+iA1 G we see that Hi (and hence F) contains a 
monochromatic induced copy of G. Otherwise, every colour appears on 
each Hi, SO that colour class z-‘(~(v~)) contains an induced copy of G. In 
any event, H +~G,sof(G,k)~~V((F)~~(n-1)+z-l)k-l)/(n-2)+1= 
((n- qk+’ - l)/(n - 2). 
In particular, for any graph G of order n > 3, f( G, k) d nk. How large can 
f(G, k) be? We can show that for some graph G of order n, f(G, k) > ckn*, 
where ck is a constant depending on k. 
PROPOSITION 2.1. f(K, u K,, k) 3 (k - 1) nm + n + m. 
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f(K,uK,+,,k)>(k-1) ‘vtKn”~+1)‘2- l+ ,V(K,“K,+,),. 
To prove Proposition 2.1, let us consider any graph F of order 
f(KnuKm,k) such that F+i K,uE. We may assume k>2 as for k= 1, 
equality in Proposition 2.1 clearly holds. We recursively define a sequence 
of graphs F’ and subgraphs Xi (i= 1, . . . . m) such that F1 = F, Xi is a 
complete subgraph of F’ of order at least n, and F’+ 1 = F’- Xi. Such a 
sequence must exist, for if i< m and F’ does not contain a complete sub- 
graph of order n, then clearly F’ +‘; K, u E; moreover, the subgraph 
Yipi generated by V(X’)u .a- u V(A’- ‘) does not contain Km+ 1, so 
Yi-l ++; K,u K,, and by colouring F’ with one colour and YiU1 with 
another, we would see that F +; K, u K,,,, a contradiction. Now Y”, the 
subgraph of F generated by V(X’) u . . . u V(X”), clearly cannot contain 
K ,,, + 1 as each Xi is complete, so Y” +i K, u K. It follows that FM+ ’ = 
F- Y” --+iel K,, u K,. Therefore, f( K, u K,, k) = 1 Y”I + (F” + ’ 1 b 
nm+f(K,,uK,,,,k-1)~nm+(k-2)nm+n+m=(k-1)nm+n+m. 
We define the “worst case” function 
fk(n) = max(f(G, k) : ( V(G)1 = n}. 
For k = 2, the upper and lower bounds above yield (n’ - 1)/4 + n d f2(n) < 
n2 -n + 1 (this has previously been noted in [9] and in [lo] for the poset 
analogue of these vertex colourings). In particular, there are constants Cl 
and C2 such that Cl n2 <f2(n) < C2n2. For k 2 3, the problem becomes 
much more interesting. Does fk(n), for fixed k, grow like nk? Surprisingly, 
we show that, aside from a factor of log2 n, &(n) is a contant times n2. 
THEOREM 2.2. For any fixed k > 2, there are positive constants Cl and 
C2 (depending on k) for which 
Cl n2 <fk(n) < C2n2 log2 n. 
The remarks above show the lower bound; the remainder of this section 
is devoted to proving the upper bound. 
Let G be a graph of order n with vertex set (vl, . . . . v,) (we always 
assume that n is sufficiently large) and let a E (0, i]; we show that there is 
a graph F of order at most a constant times n2 log’ n for which every 
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induced subgraph of order La 1 V(F)\ _I contains an induced copy of G. For 
the choice a = l/k, this obviously implies F-+ i G. 
From the fact that for every real number z > 1 there is a prime number 
between z and 22, we see that there is a prime p such that 
4 8 
--@nlogn~p+l~~nlogn. (1) 
For such a p, we write 
p+l=xn+& (2) 
with x and 8 nonnegative integers such that 
3 8 
-logn<x<c(logn 
a 
and 
Of6<n. 
We set 
t=p+l =xn+0 
and take the projective plane 9 of order p (so 9 has 
N=p2+p+l 
points and lines). We construct a graph F= FP on the points of 9 as 
follows. For every line 1 of 9, we randomly take an ordered partition 
1 1, . . . . 1, of 1 into n sets of size x or x + 1, and we join points u E li and w  E lj 
if and only if ViUj is an edge of G. As any two points of 9 determine exactly 
one line, the edges of F are well defined. Moreover, the subgraph of F 
induced by each line 1 is a graph arising from G by substituting inde- 
pendent sets for its vertices. 
Let X be a fixed subset of V(F) or order La 1 V(F)1 J = LaNJ. We bound 
from above the probability that the subgraph of F induced by X does not 
contain a copy of G. Let E be the event that the subgraph of F induced by 
X does contain a copy of F. Note that if E fails, then for each line 1 of 9, 
the event Al, that some li in the partition of 1 is disjoint from X, must 
occur. Let line 1 intersect X in xI points. The probability that some li in the 
partition of I is disjoint from In X is clearly the same as taking a fixed 
partition II, . . . . I,, of I (I Ii I = x or x + 1 ), randomly selecting a subset T of 
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l/n XI = x[ points from 1, and finding the probability that for some 
i, Tn Zi= 0. Thus 
Prob(A,) 6 (n - 0) - 
< (n _ 0) ,-.~lw~) + (j,-w(fx+ II/r) 
6 yte -xl. (x/t) 
(3) 
The events AI (I a line of 9) are clearly independent. As E c file8 A,, we 
have 
Prob(E) ,< n Prob(A,) = nN exp 
IEB 
(4) 
We need to estimate CIEB x1, and its asymptotic value follows from the 
lemma below. Our proof is algebraic; similar types of arguments have been 
used to build graphs with expanding properties Cl, 2, S] (see also [7 3). 
LEMMA 2.3. Let 9’ be a collection of lines of 9 with (91 = L > N(1/2)+E 
for some fixed E > 0. Then C,, 9 xl N cc JNL. 
ProoJ Let 
I=p+&l. 
Then ;1 is a root of 
y2-2py+p2-p=o. 
We define an N x N matrix B whose rows and 
points and lines of 9 respectively, with 
columns are indexed by the 
B,= 
3, if point i is on line j 
-1 otherwise. 
Let bi denote the ith row of B. Then for i # j, 
~i’~~=3,2+2~~(-1)+(~2+~+1-2~-1)(-1)2 
=12-2p;l+p2-p 
=o 
from the properties of a projective plane and our choice of ;1. 
Let pil, . . . . pi, be the points of X (m = LaNJ) and consider llbi, + . . . + 
_bi,(I 2. From the orthogonality of the rows of B we see that 
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llbil + *-- +biml12= Ilbi,l12+ *‘* + Ilbi,l12 
= m((p + 1)12 + p”) 
-a N 512 (5) 
Let ciJ be the restriction of bi, to the columns of 9’. Let 
_ci, + * * - + -Ci, = (517 ***3 5L), so that tr= Ix,- (m -x1). By the Cauchy- 
Schwarz inequality, 
Il_Ci, + a ’ ’ +cjml12=5;+ **a +<‘, 
=@+l) 1 
2 
X,--mL 
IEZ > 
= 
( 
A+1 
J 
c xl- mL'12 2. 
L I-E9 ) 
(6) 
From (5) and (6) and the fact that clearly [lbi, + . . . + him (1’ >, \lcil + . . . + 
cj, 11 2 we see that 
1+1 
J- L 
c x,-mL'i2 < m((p + 1)A2 + p2) N &N5’4. 
lE9 
As A+l-fiand L>,N('/2'+E, we must have&,x,-ctfiL. 1 
In particular (for 9 = Y), CIEB xl 2 (a/2) N312 for large n. From (4) we 
derive 
Prob(E)<@‘exp 
Recall that E is the event that the subgraph induced by the fixed subset X 
of size LaNJ does not contain an induced copy of G. Therefore, the 
probability that some induced subgraph H of F order LaNJ does not 
contain an induced copy of G is bounded above by 
<(E)l*n”cxp{-i.:N’-Z} 
aloga+logn--- 
. (7) 
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As fi/t - 1 we infer that (7) tends to 0 as n -+ co. Thus for large n there 
is a graph I; of order N=p2+p+ 1 = O(n2 log2 n) for which every sub- 
graph of order LaNJ contains G as an induced subgraph. For a = l/k, we 
have F+L G, so that f(G, k) = O(n2 log2 n) and we are done. 
3. SOME PROBLEMS 
We conclude our discussion with two problems. 
1. In light of Theorem 2.2, it would be interesting to find a sequence 
of graphs G1, G2, . . . of increasing order for which f(Gi, k) grows faster 
than any constant times 1 V’(Gi)l 2 (k 2 3 fixed). Unfortunately, our “worst” 
examples, f(Kn u K, k), are 0,(n2). 
PROPOSITION 3.1. For any fixed k, there is a constant Ck such that 
f(Kn UK, k) 6 C,n2. 
ProoJ: Consider the graph F= (kn + 1) Kkcn _ I) + 1, the disjoint union 
of kn + 1 copies of K,+ _ 1) + 1. If 71: V(F) -+ ( 1, . . . . k} is any map, then in 
each copy K’ of Kktn _ 1) + 1 there is a monochromatic clique of order n, 
coloured, say, 71’. Some colour occurs at least n + 1 times in nl, . . . . 7tkn+ ’ so 
we see that F contains a monochromatic induced copy of (n + 1 )K, and 
hence a monochromatic induced copy of K,, u c. Therefore f (K, u 
K, k) < 1 V(F)1 = (kn + l)(k(n -1)+1)=O(n2)forfixedk. 1 
2. Although fk(n) = Q(n2), it is quite possible that f(G, k) grows 
linearly when G is restricted to a certain family of graphs. For example, 
Beck [3] (see also [4, p. 3041) has shown that (for fixed k) the size 
Ramsey number of paths P, grows linearly. By noting that if G is the line 
graph of F, then f (G, k) < fk(F), where ik(F) is the size Ramsey number of 
F, we see that for all fixed k, f (P,, k) = O(n). 
Problem. For fixed k, is there a constant Ck such that for any tree 
T,f(T,k)<C,iV(T)i? 
We remark that it follows from [ 131 that if G is the line graph of a 
graph with bounded degree, then f (G, k) = o(n’) for any fixed k. On the 
other hand, graphs G, of order n with bounded degree for which f (G, k) 2 
Ckn log’ n for some r > 0 have also been found. 
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